We analyze the nonstationary vibrational states prepared by ultrashort laser pulses interacting with a two electronic level molecular system. Fully quantum mechanical expressions are derived for all the moments of the coordinate and momentum operators for the vibrational density matrices associated with the ground and excited electronic states. The analysis presented here provides key information concerning the temperature and carrier frequency dependence of the moments, and relates the moments to equilibrium absorption and dispersion line shapes in a manner analogous to the ''transform methods'' previously used to describe resonance Raman scattering. Particular attention is focused on the first two moments, for which simple analytical expressions are obtained that are computationally easy to implement. The behavior of the first two moments with respect to various parameters such as the pulse carrier ͑center͒ frequency, pulse width, mode frequency, electron-nuclear coupling strength, and temperature is investigated in detail. Using rigorous analytical formulas, we also discuss the laser pulse induced squeezing of the nuclear distributions as well as the pulse induced vibrational heating/cooling in the ground and excited states. The moment analysis of the pump induced state presented here offers a convenient starting point for the analysis of signals measured in pump-probe spectroscopy. The moment analysis can also be used, in general, to better understand the material response following ultrashort laser pulse excitation.
I. INTRODUCTION
Femtosecond laser pulses, with durations shorter than typical nuclear vibrations, are widely used to prepare specific molecular states and study their evolution in real time. An example is pump-probe spectroscopy, or femtosecond coherence spectroscopy, where an ultrashort pump laser pulse is used to excite the sample of interest. The subsequent nonstationary response of the medium is monitored by a delayed probe pulse. The effect of a short laser pulse incident on a two electronic level molecular system is to induce nonstationary vibrational states ͑vibrational coherence͒ in both the ground and excited electronic levels. Ground state coherence, usually ascribed to impulsive stimulated Raman scattering processes, [4] [5] [6] is the dominant contribution in systems with short-lived excited states and for off-resonant excitation. 2, 10, 11, 14, 16 Vibrational coherence in the excited state is, however, the dominant contribution for systems that have long-lived excited states. 1, [7] [8] [9] 12, 13, 19, 22 A common description of pump-probe spectroscopy is based on the third-order susceptibility ( 3 ) formalism, which provides a unified view of four-wave mixing spectroscopies. [23] [24] [25] [26] The state of the molecular system inbetween the pump and probe pulse interactions is, however, not explicit in the 3 formalism. 27 It is often the case that the most interesting part of a pump-probe signal is when the pump and probe pulses are well separated in time, a limit usually termed the well separated pulse ͑WSP͒ approximation. A physical model that treats the pump and probe events separately is therefore very useful. An example is the doorway-window picture, 26 which can be used to represent pump and probe events in terms of Wigner phase space wave packets, and readily enables a semiclassical interpretation of pump-probe experiments. [28] [29] [30] Another approach in the well-separated pulse limit is based on a description of the pump induced medium using nonstationary effective linear response functions. 10, 25, [31] [32] [33] We have recently demonstrated the application of an effective linear response approach to pump-probe spectroscopy using a displaced thermal state representation of the pump induced ͑doorway͒ density matrix. 27 A key requirement for this representation is a knowledge of the moments of position (Q) and momentum ( P) in the doorway state. A moment analysis of the doorway state is well justified by the fact that the vibrational states prepared by short pulses are highly localized in (Q, P) phase space. We thus expect the doorway states to be described adequately by the first few moments. In addition, when the first moments of the doorway state are incorporated into the effective linear response functions, the resulting pumpprobe signals are in excellent agreement with the predictions of the third-order response approach, 27 which implicitly incorporates all the moments of the doorway density matrix. In addition to providing an accurate description of pump-probe signals in the well-separated pulse limit, a knowledge of the moments allows a clear physical interpretation of the amplitude and phase profiles observed in pump-probe experiments of nonreactive samples.
Apart from pump-probe experiments, a fully quantitative understanding of the matter states prepared by short laser pulses can by itself serve as a fruitful exercise. For instance, there has been an increasing interest in using single and multiple laser pulses to control molecular dynamics and to generate optimal vibrational motion. 9, [35] [36] [37] [38] Numerous theoretical studies have addressed impulsive preparation of molecular states in detail and are usually based on a semiclassical treatment of the laser pulse interaction. [36] [37] [38] [39] [40] The advantage of the semiclassical approach is that it provides simple analytical expressions that are valid in the short pulse limit, [36] [37] [38] and enables several key insights into the generation and detection of coherent wave packet motion. 39, 40 A fully quantum treatment, on the other hand, has usually entailed a direct numerical solution of the Schrödinger equation. 35, 37, 41 One of the primary motivations of this work was the interpretation of the observed amplitude and phase profiles in femtosecond pump-probe experiments of myoglobin. 27, 34 As mentioned earlier, a fully quantum mechanical evaluation of the moments of the doorway state is key to the effective linear response approach, which substitutes for the computationally more intensive third-order response approach. 27 It is also clear that a precise determination of the first and higher moments of the nonstationary wave packets induced by short pulse excitation is useful in the above-mentioned applications. 9, [35] [36] [37] In the present work, we consider a two electronic level system with a multimode set of linearly displaced harmonic oscillators, and obtain general expressions for the nth moments of Q and P in the doorway density matrix. The first two moments are studied in detail, and are directly connected to equilibrium absorption and dispersion line shape functions. Because of this connection, absolute scale calculations of the moments are made possible even for complex multimode systems, with only a knowledge of the measured equilibrium absorption cross sections. This approach is analogous to ''transform'' calculations in resonance Raman scattering. [42] [43] [44] [45] [46] In addition, the temperature dependence of the moments is clearly revealed in the calculations presented here, and the results are shown to be in good agreement with earlier treatments based on the impulsive ͑short pulse͒ approximation. [36] [37] [38] [39] [40] The general outline of the paper is as follows. In Sec. II, we briefly discuss the background for the present work and discuss the basic expressions involved in a perturbative treatment of the laser pulse interaction. In Sec. III, we calculate the first and second moments of Q and P in the ground state density matrix using the general expressions for the nth moments presented in Appendix A. In Sec. IV, we carry out a similar analysis of the first two moments of the excited state density matrix. In Sec. V, we present simulations to study the behavior of the first two moments of Q and P as a function of the laser pulse carrier frequency, pulse width, mode frequency, coupling strength, and temperature.
II. BACKGROUND
We first briefly review the basic expressions involved in a perturbative treatment of the pump induced density matrix. Consider the interaction of a two electronic level system with the pump laser pulse whose electric field is represented as E(t). We write the total Hamiltonian as Ĥ (t)ϭĤ 0 ϩĤ I (t), with the free Hamiltonian Ĥ 0 and the interaction Hamiltonian Ĥ I having the following typical form ͑in the interaction picture͒ for a molecular system with two electronic levels:
where Ĥ g and Ĥ e ϭ Ĥ g ϩV are, respectively, the adiabatic Born-Oppenheimer Hamiltonians for the ground and excited electronic states. V is defined as the difference potential that specifies the electron nuclear coupling, ប⍀ v is the vertical electronic energy gap at the equilibrium position of the ground state, and (t) is the electric dipole moment operator evolving according to the free Hamiltonian Ĥ 0 . Let ͑Ϫϱ͒ denote the initial density matrix of the system before the arrival of the pump fields. The evolution of the density matrix due to the laser pulse interaction can be described by the Liouville equation:
can be solved for (t) iteratively to various orders in the interaction Ĥ I (t). For pump-probe calculations, the second-order term is of relevance since it is the lowest order in the pump interaction that can contribute to the signals. 48, 49 From Eq. ͑2͒, we obtain 27 the following form for the density matrix to second-order in the pump interaction:
Note that we have omitted the first-order term as it is not relevant for a pump-probe calculation. In Eq. ͑3͒, the indices k and l refer to the vector components and summation over repeated indices is implied. Note that the second-order perturbative term is also referred to in the literature as the density matrix jump 50 and the doorway function. 28, 30, 51 For wellseparated pump and probe pulses, one is interested in the density matrix in Eq. ͑3͒ after the pump fields E(t) have ceased to evolve. As t→ϱ in Eq. ͑3͒, the interaction picture density matrix becomes time independent, and the time arguments will be dropped in the following development.
If we project the density matrix onto the electronic basis, we obtain the nuclear sub-density matrices for the ground and excited electronic states. Noting that the secondorder density matrix in Eq. ͑3͒ has no electronic coherences due to the even number of dipole interactions, we may write
͑4͒
In general, the nuclear subdensity matrices g and e may contain off-diagonal elements ͑vibrational coherence͒ in the number state representation due to the broad frequency spectrum of an ultrashort laser pulse. The presence of offdiagonal terms reflects the nonstationary nature of , which in general does not commute with Ĥ 0 . The vibrational coherence translates into time-dependent wave packets in a semiclassical phase space (Q, P) Wigner representation of the density matrix. 26, 40, 52, 53 On the other hand, the highly localized nature ͑in Q and P) of impulsively driven nonstationary states suggests that we calculate their moments in the state u ͑which represents g or e) using
With â (â † ) as the mode annihilation ͑creation͒ operators, X represents Q ϭ(â ϩâ † )/ͱ2, P ϭi(â † Ϫâ )/ͱ2, or their higher powers. The time t in Eq. ͑5͒ is larger than the pulse duration so that the density matrix s is time independent. However, the tϭ0 values 54 of the first moments of Q and P , i.e., Q u (0) and P u (0), respectively ͑for uϭg or uϭe), determine the effective initial conditions for the subsequent nuclear dynamics on the potential surface u. Since Q u (0) and P u (0) also denote shifts from thermal equilibrium, we may represent the nonstationary nuclear density matrix for the electronic state ''u'' as a coherent-thermal state:
Here, D ( u ) is the quantum mechanical displacement operator
is the equilibrium thermal density matrix corresponding to the nuclear Hamiltonian of the electronic level u:
The displaced thermal state representation in Eq. ͑6͒ has been shown 27 to provide an accurate and computationally efficient approach to calculating pump-probe signals. This presents us with the primary motivation for a rigorous moment analysis of the pump induced density matrix. As we will see in the following, the laser pulse can induce higher moment changes ͑also termed squeezing͒ in the vibrational distributions in addition to merely displacing them. Equation ͑6͒ is only an approximation to the full second-order density matrix in Eq. ͑3͒. The higher moments of u calculated here can be incorporated in a manner analogous to Eq. ͑6͒ using a displaced and squeezed state representation.
In Appendix A, we derive general expressions for the nth moments of Q (t) and P (t) for the pump induced nuclear density matrices g and e for a two level system, with a single linearly coupled ͑undamped͒ mode. In what follows, we discuss the effect of the pump pulse interaction on the vibrational populations and the first two moments of Q and P in the ground and excited states.
III. NONEQUILIBRIUM GROUND STATE DENSITY MATRIX
For simplicity, we restrict the discussion here to scalar fields assuming that the medium is isotropic. We make the Condon approximation that neglects the nuclear coordinate dependence of the dipole operator and write ϭ ge ͉g͗͘e͉ ϩ eg ͉e͗͘g͉. The system is assumed to be initially in the ground electronic state with an equilibrium Boltzmann distribution for the vibrational states, i.e., (Ϫϱ)ϭ͉g͘ T (g) ͗g͉,
where T (g) is of the form in Eq. ͑8͒ with Ĥ s replaced by Ĥ g . The ground state density matrix to second order in the pump fields is evaluated using Eq. ͑3͒ as g ϭ͗g͉ ͉g͘. We find
where the subscript ͑ϩ͒ denotes time ordering and h.c. denotes Hermitian conjugate. We have defined sϭtЈϪtЉ for convenience. V (s) evolves in time via Ĥ g in the interaction picture. We have also introduced homogeneous broadening using the factor e Ϫ⌫ eg ͉s͉ to account for electronic dephasing processes. It is evident from Eq. ͑9͒ that the action of the electron-nuclear coupling force ͑which appears through the time-ordered exponential͒ on the equilibrium state T (g) resembles a square wave pulse interaction that turns on and off at times separated by an interval s. The total effect of the pulse on the ground state is obtained by a superposition of square wave interactions for all possible time intervals within the duration of the pump pulse.
Equation ͑9͒ is valid for arbitrary ground and excited state nuclear Hamiltonians. In what follows we consider a model of linearly displaced harmonic oscillators for the ground and excited states and take V ϭϪ(ប/m 0 ) 1/2 f Q ϭ Ϫប 0 ⌬Q , with dimensionless Q and relative displacement ⌬. The electron-nuclear coupling force f is expressed as f ϭ⌬(m 0 3 ប) 1/2 where m and 0 are, respectively, the reduced mass and frequency of the mode. With these definitions, the ground and excited state Hamiltonians take the form
A. Populations
The pump pulse induces a net change in the ground and excited electronic state populations, which is reflected in the zeroth moment, i.e., the trace of the respective nuclear density matrices. The electronic population in the ground state after the pump pulse interaction is calculated as N g ϭTr͓ g ͔. Using Eq. ͑9͒, we find, with n ϭ(exp(ប 0 /k B T)Ϫ1) Ϫ1 . Analytic expressions for g(s) for the damped harmonic oscillator case at arbitrary temperature have been derived earlier 56 and can be incorporated in the expressions derived in this work. In terms of the Fourier transform Ẽ () of the electric field, Eq. ͑11͒ takes the form
where ⌽ I () is the imaginary part of the complex equilibrium line shape function defined as contains contributions from the line shape function at negative frequencies, i.e., ⌽ I (Ͻ0). It is clear that the integrand in Eq. ͑14͒ is highly nonresonant for Ͻ0, so that the line shape function makes a vanishing contribution at negative frequencies. Thus, we neglect those terms in Eq. ͑13͒ that contain the negative frequency part of the pulse envelope spectrum, i.e., G (ϩ c ) and take only the positive frequency part of the integral in Eq. ͑13͒. This is a valid ͑''rotating wave''͒ approximation, given that we are concerned with pulses that have optical carrier frequencies. We then arrive at the following result:
The depletion in the net ground electronic state population thus depends on the convolution of the laser intensity spectrum with the absorption line shape as one would expect. Since the total number of molecules must be conserved ͑ne-glecting decay through other nonradiative channels during the pump pulse͒, the corresponding number of molecules transported to the excited state by the pump is simply given by N e ϭ1ϪN g . It should be remembered that Eq. ͑15͒ has been derived in the weak field perturbative limit and the number of molecules depleted from the ground state is very small ͑i.e., N g Ϸ1).
The line shape function ⌽͑͒ plays a central role throughout the calculations presented in this work. While the electronic populations depend only on the imaginary part of ⌽͑͒, we will see in the following that the moments of Q and P in the pump induced nonequilibrium density matrix involve both the absorptive and dispersive line shapes ⌽ I () and ⌽ R ().
B. Vibrational dynamics
The interaction with the laser pulse sets up both electronic and vibrational coherence in the system. However, the electronic coherence vanishes for a second-order interaction with the pump laser field, owing to the even dipole interactions in the second-order perturbative expression for the density matrix in Eq. ͑3͒. We therefore focus attention on the vibrational coherence induced in the electronic states.
First moment
The first moment of Q (t) in the ground state is obtained by letting nϭ1 in the general expression Eq. ͑A10͒. We find where C m (t) is given by Eq. ͑A11͒. Due to the Kronecker's delta, we must have lϭ0 and mϭ1, so that
Using Eqs. ͑A11͒ and ͑A9͒, we find
again involves nonresonant contributions from the line shape function at negative frequencies, i.e., ⌽͑Ͻ0͒.
For pulses with optical carrier frequencies, the contribution of the negative frequency components is negligible and can be dropped from the above integral. We then find, after making a change of variables →Ϫ 0 in the second part of the above integral and using the definition of Ẽ () following Eq. ͑12͒,
where A 1g ϭQ g (0)ϩiP g (0)ϭ͉A 1g ͉exp(Ϫi 1g ) is the complex amplitude for first moment dynamics in the ground state, with the effective ''initial'' position and momentum Q g (0) and P g (0) given by:
Here, we have introduced the product spectral function G p (,n 0 ):
and the difference operator ⌬ ͑not to be confused with the dimensionless coupling ⌬) whose action is to generate differences as 46 ⌬
and so on for the higher powers of ⌬ . Equations ͑20a͒ and ͑20b͒ are fully quantum mechanical expressions for the first moments and are valid for arbitrary pulse widths, temperature, and electron-nuclear displacement ⌬. It is clear that the mean initial position and momentum imparted by the pump pulse to the ground state wave packet are related roughly to the derivatives of the imaginary and real parts of the equilibrium line shape function, respectively. In Appendix B, we discuss the impulsive limit of the above-mentioned results and also present a closed form expression for the mean position assuming a Gaussian ͑semi-classical͒ form for ⌽ I (). The single mode expressions in Eqs. ͑20a͒ and ͑20b͒ can be readily generalized to the multimode case, with the same equations applying for a given mode with parameters i , ⌬ i , and n i . The line shapes can be obtained using the multimode form of the equilibrium correlation function in Eq. ͑12͒. In fact, Eqs. ͑20a͒ and ͑20b͒ ͑as well as the rest of the moment expressions derived in this work͒ are quite general multimode expressions so long as the mode of interest is linearly coupled and ⌽() is obtained from the experimental line shape. In this case, the remaining multimode subspace resides in the experimental line shape function, unrestricted by approximations such as linear coupling and mode mixing.
Second moment
In addition to the first moments of the nuclear position and momentum, it is also of interest to calculate the pump induced changes in the variances ͑or the uncertainties͒ of the position and momentum distributions. Before the interaction with the laser fields, the position and momentum uncertainties ͑defined in terms of the variances A 2 ϭA 2 ϪĀ 2 , with A ϭQ, P) have equal values at temperature T:
͑23͒
The effect of the pump pulse is to distort the equilibrium nuclear distributions and modify the above-given variances. To see what is involved, we express Q and P in terms of â and â † using the definitions following Eq. ͑5͒ and obtain the second moment of Q (t) in the pump induced ground state as:
where we have also used â (t)ϭâ e Ϫi 0 t . The quantities n g and A 2g ϭ͉A 2g ͉exp(Ϫi 2g ) are, respectively, the mean value of the number operator n ϭâ † â and the mean value of â 2 , for the state described by g . It is clear from Eq. ͑24͒ that the second moment in the pump induced state consists of both vibrational coherence at frequency 2 0 and the mean occupation number of the ground state. The amplitude of the second moment dynamics at frequency 2 0 is given by ͉A 2g ͉. If Q g 2 (t)ϪQ ḡ (t) 2 is time-dependent, the nuclear distribution has been squeezed by the laser pulse interaction. [57] [58] [59] [60] In what follows, we evaluate Q g 2 (t) using the general result Eq. ͑A10͒, which assumes the second-order perturbative expression for g given in Eq. ͑9͒. A direct comparison of the results with the identity in Eq. ͑24͒ subsequently leads to expressions for n g and A 2g to second-order in the fields.
If we set nϭ2 in Eq. ͑A10͒, the allowed sets of values of (l,m) are (1,0) and (0,2) and we find
Using Eqs. ͑A11͒ and ͑15͒ we have Re͓C 0 (t)͔ϭ(N g Ϫ1)/2. The quantity C 2 (t) is also readily evaluated using Eq. ͑A11͒.
On comparing the final result with Eq. ͑24͒ and ignoring nonresonant contributions, the second-order expressions for mean occupation number and the oscillatory amplitude of the second moment are found as
͑27͒
As discussed in Appendix A, the second moment of the momentum operator is obtained as P g 2 (t)ϭQ g 2 (tϩ/2 0 ), so that
The variances of Q and P in the pump induced ground state can be directly obtained using Eqs. ͑24͒ and ͑28͒ along with the first moments Q g (t) and P g (t) given by Eq. ͑19͒. For the time-dependent uncertainty product, we find
In obtaining Eq. ͑29͒, small terms involving higher powers of the electric field strength have been ignored, since we are in the weak field limit. Furthermore, in typical weak coupling situations, ͉A 2g ͉ is much smaller than ͉A 1g ͉ since it scales with the square of the coupling strength ⌬. Thus, the time-dependent term of Eq. ͑29͒ is very small and the uncertainty product is nearly time independent. A direct inspection of Eqs. ͑26͒ and ͑27͒ reveals an apparent contradiction. When the system is initially at Tϭ0, we have n g ϭ0, i.e., there is no change in the vibrational populations due to the pump-pulse interaction. The oscillatory amplitudes A 1g and A 2g that describe the ground state coherence are, however, not necessarily vanishing at Tϭ0, as evident from Eqs. ͑27͒ and ͑20a͒ and ͑20b͒. The number basis elements of g therefore obey the following relations:
in violation of the density matrix inequality condition 61 ͉ i j ͉ 2 р ii j j for any given pair of vibrational levels i and j. Thus, strictly speaking, g is not a complete vibrational density matrix. 40 Furthermore, we have from Eqs. ͑26͒ to ͑29͒, at Tϭ0,
which is always less than the zero point limit of 1/2. These apparent discrepancies are due to the second-order perturbative approximation to the full density matrix employed here as well as elsewhere. 29, 30, 32, 37, 38, 50 A genuine change in the vibrational populations in the ground state can only occur due to a fourth-order interaction, via stimulated Raman scattering processes. Thus, the complete expressions for the second moments of the pump induced density matrix would necessitate the inclusion of fourth-order terms in the perturbation expansion. This is beyond the scope of the present paper. However, we can estimate the magnitude of the error in the calculation to be roughly ͉A 1g ͉ 2 ͓from Eq. ͑31͔͒, which goes as the fourth power of the electric field strength and is typically very small for weak fields. We will return to a discussion of this issue in Sec. V, where we also present a quantitative estimate for the error made in a second-order perturbative treatment for a simple model system.
IV. NONEQUILIBRIUM EXCITED STATE DENSITY MATRIX
The excited state density matrix is obtained from Eq. ͑3͒ as e ϭ͗e͉ ͉e͘. Here, the terms with a single dipole interaction on either side of T in the expression for will contribute. For the linear displaced Hamiltonians in Eqs. ͑10a͒ and ͑10b͒, we find
where the subscript Ϫ denotes anti-time ordering.
A. Populations
The fraction of excited state molecules N e is simply N e ϭ1ϪN g as the sum of the ground and excited state populations must be conserved ͑ignoring other channels for the decay of the excited state͒. We thus have from Eq. ͑15͒,
In the weak field approximation assumed here, N e Ӷ1. Thus, only a small fraction of the ground state is transported to the excited state by the pump interaction.
B. Vibrational dynamics 1. First moment
In Appendix B, we calculate the moments of the shifted coordinate operator Q e Ј(t)ϭ Q e (t)Ϫ⌬ for the excited state density matrix ͑the subscript e indicates time evolution due to Ĥ e ). The first moment is obtained by letting nϭ1 in Eq. ͑A21͒. Only the term with (lϭ0,mϭ1) contributes and we find
͑34͒
From Eqs. ͑A22͒ and ͑A19͒, we find after neglecting nonresonant contributions,
where A 1e ϭQ e Ј(0)ϩiP e (0)ϭ͉A 1e ͉exp(Ϫi 1e ) is the amplitude for the first moment dynamics ͑about the equilibrium position ⌬) in the excited state, with the effective initial position and momentum given by
Thus, the excited state wave packet receives no initial momentum. Correspondingly, the initial phase 1e can only take the values 0 or . Note that Eq. ͑35͒ gives the timedependent mean position with respect to the excited state equilibrium position ⌬. To revert to the ground state equilibrium as the origin, we simply write
The absence of initial momentum on the excited state wave packet might be expected on intuitive grounds. The vibrational modes that are formed in the excited electronic state are subject to the electron-nuclear coupling force that turns on ͑during the pump interaction͒ and thereafter, remains a constant. Thus, the forces on excited state nuclei are step function-like. In contrast, the ground state nuclei feel the electron-nuclear coupling force only for a short time during the pulse interaction, so that the forces on the ground state are impulsive in nature. It is interesting to note that Eq. ͑36b͒ is predicted by earlier treatments that use the semiclassical Franck approximation, 51, 62 where more general potentials were treated than the harmonic approximation made in the present case. It is also notable from Eq. ͑36a͒ that in sharp contrast to the ground state case, the excited state first moment involves only the imaginary part of the line shape function ⌽ I (). This difference reflects the fact that the ground state coherence is created by Raman-type processes. It is well known 42, 43, 46 that the resonance Raman cross section involves both the real and imaginary parts of the line shape function. The excited state coherence is created solely by absorption-like events occurring on the bra and ket sides of the density matrix as expressed in Eq. ͑32͒.
Second moment
From the definitions in Eqs. ͑A13͒ and ͑A12͒, we have
Ϫi 0 t ϩâ e † e i 0 t )/ͱ2 so that the following general relation holds analogous to Eq. ͑24͒:
where n e is the mean value of the occupation number n e ϭâ e † â e , and A 2e ϭ͉A 2e ͉e Ϫi 2e is the mean value of â 2 in the pump induced excited state. If we let nϭ2 in the general expression derived in Eq. ͑A21͒, the allowed sets of values for (l,m) are (1,0) and (0,2) and we get
Using Eq. ͑A22͒ we have Re͓D 0 (t)͔ϭN e /2. The quantity Re͓D 2 (t)͔ is also evaluated readily using Eq. ͑A22͒. Comparing the final result with Eq. ͑38͒, we find that the mean occupation number of the pump induced excited state oscillator n e is given by
The oscillatory amplitude is given by
where we have defined the function
The amplitude A 2e for the second moment dynamics at frequency 2 0 is real so that the phase 2e can take on only the values 0 or . This is in contrast to the ground state results derived in Sec. III B 2. Both the first and the second moments in the excited state depend only on the absorptive line shape function ⌽ I () whereas the ground state moments depend on both ⌽ I () and ⌽ R (). The second moment of the momentum operator is obtained as before by letting t→tϩ/2 0 in Q e Ј 2 (t). The first moment and the second moment results can be combined to obtain the uncertainties in Q and P . For the position uncertainty, we find
The momentum uncertainty is obtained as Pe (t)ϭ Qe (t ϩ/2 0 ). For the time-dependent uncertainty product, we get
where we have neglected terms that contain powers of A 1e and A 2e larger than second, since they involve higher powers of the field strength E 0 , which is assumed to be very weak. Equation ͑44͒ is simpler than Eq. ͑29͒ for the ground state due to the lack of an initial phase for the excited state first and second moments. Once again, for weak electron-nuclear coupling, the uncertainty product is nearly time independent, since A 2e is typically much smaller than A 1e . We note from the above-given expressions that the second-order density matrix e is not in explicit violation of the uncertainty principle as is the pump induced ground state density g . To see this clearly, we first note from Eqs. ͑36a͒ and ͑33͒ that at Tϭ0, ͉A 1e ͉р⌬ since G p (Ϫ c ,Ϫ 0 ) рG (Ϫ c ). Also, from Eq. ͑40͒, we have n e Х⌬ 2 /2 , provided the vibrational frequency can be neglected in ⌽ I ( Ϯ 0 ) ͑a condition known as ultrafast electronic dephasing 26 ͒. It then follows from Eq. ͑44͒ that at Tϭ0,
where the error in Eq. ͑45͒ is to fourth order in the field strength and is very small for weak fields. Thus, the secondorder approximation to the excited state density matrix is more accurate than for the ground state density matrix. This difference is not surprising, given that a change in the vibrational populations of the excited state can be effectively induced by a second-order interaction. This stands in contrast to the ground state vibrational levels, where the populations change due to scattering processes via a fourth-order interaction.
V. SIMULATIONS AND DISCUSSION
For the simulations reported here, fast Fourier transforms were employed to calculate the complex line shape function in Eq. ͑14͒, for a given set of model parameters. The precalculated line shape functions are subsequently used in all the moment calculations, thereby reducing the computation time significantly. The single integration in the moment expressions is computationally straightforward, as the integrands are smooth functions that are highly convergent ͑owing to the Gaussian spectral envelope of the laser pulse͒.
In this section, we investigate the behavior of the ground and excited state moments as a function of various parameters such as the pulse carrier frequency, temperature, mode frequency, coupling strength, and pulse duration.
One attractive feature of the moment expressions derived in this work is that apart from parameters specific to the mode under consideration, all other information about the rest of the modes ͑and the bath͒ is carried through in the equilibrium line shape functions ⌽ I and ⌽ R . These are not independent quantities but are rather connected by the Kramers-Kronig relations. One can therefore obtain ⌽ I () directly from the measured experimental absorption cross section ͑on an absolute scale͒. The Kramers-Kronig relations can then be used to obtain ⌽ R () from ⌽ I (). Thus, given a molecule in the condensed phase whose absorption spectrum is known experimentally ͑and is possibly broad and asymmetric͒, one can use the results derived here to calculate the moments of the pulse induced nonequilibrium state on an absolute scale, for any given mode of the system. Furthermore, since the relation between moments and ⌽ I (), ⌽ R () is linear, we can also extend the main results derived in this paper to account for inhomogeneous broadening due to a distribution of electronic 0-0 transition frequencies.
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A. First moments
Ground state
Consider the ground state first moments of Q and P derived in Eqs. ͑20a͒ and ͑20b͒. Several interesting features are evident from a direct inspection of these expressions. When the carrier frequency of the pump pulse c is tuned across the resonant maximum (⍀ v ), Q g (0) changes sign owing to its dependence on the derivative-like function ⌬ ⌽ I (). It is also clear from Eq. ͑20a͒ that for detuning to the red of the absorption band, Q g (0) has a sign opposite to that of ⌬, while it has the same sign as ⌬ for blue detuning. The dependence of P g (0) on ⌬ ⌽ R () implies that in the region of resonance, the momentum impulse is oppositely directed with respect to the electron-nuclear coupling force f. Also, the sign of P g (0) changes as we tune away from resonance on either side of ⍀ v . When the pulse carrier frequency is detuned far from the resonant transition ͑but neglect of the nonresonant terms remains valid͒, ⌬ ⌽ I () drops more rapidly to zero when compared with ⌬ ⌽ R () so that Q g (0) is much smaller than P g (0). Thus, for off-resonant excitation, the ground state coherence is dominated by a momentum impulse. Under off-resonant excitation, Eq. ͑20b͒ implies that P g (0) has the same sign as ⌬ and therefore points in the same direction as the electron-nuclear coupling force. The well known off-resonant impulsive limit 15 is thus seen to arise from the dependence of the momentum impulse on the derivative of the real part of the line shape function. 39 The fully quantum mechanical treatment further shows that the approach to the off-resonant limit depends strongly on the temperature and mode frequency, as we will see in the following. The distinct dependence of Q g (0) and P g (0) on temperature (T) is also noted from Eqs. ͑20a͒-͑20b͒. While the T dependence of Q g (0) is determined both by the factor (2n ϩ1) and the line shape ⌽ I (), P g (0) depends on T solely through the real part of the line shape function ⌽ R ().
In order to illustrate the above-mentioned aspects of the ground state first moments, we consider two model line shapes. In the first example, shown in the left panel of Fig. 1 , a low frequency mode ͓ 0 ϭ50 cm Ϫ1 , Sϭ(⌬ 2 /2)ϭ0.1] is coupled to a homogeneously broadened (⌫ eg ϭ300 cm Ϫ1 ) two level system. Figure 1͑a͒ shows the imaginary part of line shape function at two different temperatures. The corresponding mean position and momentum for the 50 cm Ϫ1 mode are shown in the panels directly below, for a range of c values across the resonance maximum. The pulse width is chosen to be 50 fs. The second example, shown in the right panel of Fig. 1 , consists of a line shape that is strongly temperature dependent due to the presence of a strongly coupled overdamped bath mode in addition to the 50 cm Ϫ1 mode. Vibrational damping was incorporated 64 using a rigorous theory presented previously. ) included in the line shape. ͑c͒ and ͑d͒ The pump pulse induced effective initial position and momentum in the ground state ͑in dimensionless units͒ for the 50 cm Ϫ1 mode, for both line shapes in ͑a͒. ͑e͒ and ͑f͒ The mean position and momentum for the strongly temperature-dependent line shape in ͑b͒. For all the simulations, a Gaussian with full width at half maximum of 50 fs was used for the electric field, and the total pulse energy was fixed at 1 nJ.
From the simulations, it is seen that some of the general features evident from a direct inspection of Eqs. ͑20a͒ and ͑20b͒ are borne out; note in particular, the behavior of the position and momentum as roughly the derivatives of the absorptive and dispersive line shapes. Thus, the momentum increment is peaked at absorption maximum ⍀ v and is directed opposite to the excited state equilibrium shift, which in the present case is positive. The position increment is peaked at roughly the full width at half maximum of the absorption, and changes sign as the carrier frequency is tuned across ⍀ v . The difference in the temperature dependence of the position and momentum increments is also clear. It is seen that for the weakly temperature-dependent line shape, the momentum increment is nearly unaffected by temperature changes, while the position increment increases dramatically owing to the Bose-Einstein factor. The situation is different for the strongly temperature-dependent line shape, in which case, it is seen that the momentum imparted to the wave packet changes significantly with temperature, with a decreased value at the ⍀ v ͓corresponding to the fact that ⌽ R () is broader at higher temperature, which in turn implies that the derivative is smaller͔. It is also interesting to note the behavior as c is tuned away from resonance, where it is seen that Q g (0) approaches zero while P g (0) still has a nonzero value.
The relative magnitudes of Q g (0) and P g (0) are best understood by plotting the amplitude and phase of the wave packet motion defined in Eq. ͑19͒. In Fig. 2 , we plot the initial amplitude and phase of the pump induced wave packet as a function of the pulse carrier frequency for both examples considered in Fig. 1 . It is seen from the phase plot ͑lower panels͒ that at high temperatures ͑larger n ) the phase remains close to 0 or . When the temperature is lowered, the phase varies more continuously over a range of 2. This corresponds to the fact that the position increment ͓real part of the complex displacement, A 1g ϭQ g (0)ϩiP g (0)] dominates the momentum increment ͑imaginary part͒ at high temperatures, except at resonant maximum ⍀ v . Furthermore, when the pump is tuned to ⍀ v , the purely impulsive (Q g (0)ϭ0⇒ g ϭ/2) nature of the ground state coherence is evident. As the pump carrier frequency is tuned toward the off-resonance limit, the phase is again seen to approach the impulsive limit ( g ϭϪ/2), and this approach occurs much more rapidly at lower temperatures than high. This is again owing to the fact that the high temperature case is dominated by the position increment. Note that the momentum imparted to the ground state wave packet by resonant and nonresonant pulses are opposite in direction, with the momentum of a resonantly induced wave packet directed opposite to the electron nuclear coupling force.
Several of the above-mentioned aspects of detuning dependence of Q g (0) and P g (0) have been noted in earlier semiclassical treatments. [36] [37] [38] [39] [40] The results for the excitation frequency dependence of the ground state first moments are in qualitative agreement with the predictions of Cina and co-workers, 37 who have used semiclassical pulse propagators to study the impulsive preparation of ground state nuclear motion due to single and multiple laser pulse excitation. Their calculations suggest that excitation in the preresonant region induces much larger increments in the nuclear position than excitation directly on resonance. From the present work, this aspect directly follows from the dependence of the position increment on the derivative of the absorption line shape function as expressed in Eq. ͑20a͒. We also note that semiclassical models have been used to show that the ground state momentum impulse depends on the derivative of the real part of polarizability. 39 The present fully quantum mechanical treatment clearly exposes the distinct temperature dependence of the pulse induced position and momentum in the ground state. While the temperature dependence is not included explicitly in prior treatments, more complicated potential surfaces have been analyzed. But the general nature of the pump induced position and momentum predicted here for harmonic potentials remains valid.
Excited state
Turning to the excited state first moment, recall from Sec. IV that the wave packet created in the excited state receives no initial momentum. As mentioned earlier, the lack of initial momentum for the excited state wave packet can be attributed to the step function-like nature of the forces felt by the nuclei of excited state molecules. This argument is expected to be valid for more complicated potentials than the harmonic model considered here. This is indeed the case as shown by earlier treatments. 51 On the other hand, the ground state nuclei are subject to an impulsive square wave force. This results in a nonzero average initial momentum of the ground state wave packet. mode in the pump induced ground state, plotted for both line shapes considered in Fig. 1 . ͑a͒ and ͑b͒ ͉A 1g ͉ and 1g for the Lorentzian line shape in Fig. 1͑a͒ and ͑c͒ and ͑d͒ for the phonon broadened line shape in Fig. 1͑b͒ . The solid lines correspond to Tϭ1 K and the dashed lines correspond to Tϭ300 K.
Consider the initial displacement of the excited state wave packet Q e Ј(0) in Eq. ͑36a͒. The temperature dependence of Q e Ј(0) is mainly determined by the factor n , which appears as the coefficient of the derivative-like ⌬ ⌽ I (). At zero temperature, or for temperatures low enough so that n Ӷ1, all the terms in the integrand of Eq. ͑36a͒ are positive.
Thus, the overall sign of Q e Ј(0) is always opposite to that of ⌬, irrespective of other parameters such as the laser pulse width and carrier frequency. This leads us to the following interesting conclusion: when the laser pulse interacts with a system that is initially at Tϭ0 ͑or with negligible thermal population n ), the wave packet created in the excited state is always placed initially on the side of the excited state potential well that lies toward the ground state equilibrium. In other words, the initial phase 1e of the excited state first moment dynamics is always fixed at 0 or , depending only on the sign potential displacement ⌬. As the temperature is increased, the difference term ⌬ ⌽ I () that appears as the coefficient of n in Eq. ͑36a͒ begins to remove the positivity of the integrand, since the difference ⌽ I ()Ϫ⌽ I (Ϫ 0 ) can take on either positive or negative values. However, for line shapes that are broad compared to the vibrational frequency, ⌬ ⌽ I () is still quite small compared to ⌽ I () and the derivative term dominates only at very high temperatures ͑when n ӷ1).
We take the model line shape treated in Fig. 1͑a͒ to illustrate key aspects of the excited state first moment. In Fig. 3 , we plot the excited state first moments for the 50 cm Ϫ1 mode. In addition to the amplitude of oscillations ͉A 1e ͉ϭ͉Q e Ј(0)͉ about the excited state equilibrium, the initial value of the first moment with respect to the ground state equilibrium Q ē (0) ͓see Eq. ͑37͔͒ is also plotted for clarity. We note that in contrast to the ground state amplitude ͓Fig. 2͑a͔͒, the sign of the temperature-dependent changes in the excited state amplitude depends on the direction of the carrier frequency detuning from the absorption maximum. It is seen that for red detuning from absorption maximum, ͉A 1e ͉ decreases with increase in temperature, whereas for blue detuning, the amplitude increases with temperature. This opposite behavior on the red and blue sides of the absorption maximum can be understood from the ''particle-like'' aspect of the excited state coherence, which is complementary to the ''holelike'' nature of the ground state coherence. 40, 52 We will return to this point briefly. As is clear from Fig. 3 , Q ē (0) changes its sign with respect to the ground state equilibrium position as c is tuned across resonance, but its absolute magnitude remains less than ͉⌬͉. As the temperature is increased, the derivative line shape in Eq. ͑36a͒ becomes more significant due to larger n . The antisymmetry of the amplitude profile with respect to ⍀ v becomes more pronounced so that excitation toward the blue side induces larger displacements than red excitation.
We note from Figs. 1͑c͒ and 3͑a͒ that the mean positions for the ground and excited state are oppositely signed with respect to the ground state equilibrium. This behavior is related to the particle-versus hole-like nature of the excited and ground state nuclear wave packets. In Fig. 4 , we schematically depict the impulsively excited nuclear wave packet in the ground and excited states, for the carrier frequency tuned to three different values across the absorption maximum ⍀ v . Consider the case when the laser pulse carrier frequency is tuned toward the red side of the absorption maximum ( R ). The pump creates a hole in the ground state near the region of resonance, which is toward positive displacements. The nuclear distribution is therefore effectively centered at negative displacements ͓i.e., Q g (0)Ͻ0] with respect to equilibrium. The excited state nuclear distribution is, however, created directly near the region of resonance, and is centered at positive displacements. It should be remembered that the normalized mean position of the excited state wave packet ͓Eq. ͑36a͔͒ is much bigger than that of the ground state wave packet ͓Eq. ͑24͔͒, since N e ϭ1ϪN g Ӷ1. The schematic drawn in Fig. 4 merely expresses the opposite signage of the ground and excited state first moments, but does not represent their magnitudes.
It is important to recognize that the schematic shown in Fig. 4 is strictly valid only in the impulsive approximation, i.e., when the pulses are much shorter than a vibrational period. In this case, the nuclei of the ground and excited state molecules do not have the time to evolve in their respective surfaces within the duration of the pulse. Thus, one can picture the particle in the excited state as being instantaneously created on the same side of the well where the corresponding hole is created in the ground state. However, when the pulses have a duration that is not too short compared to the vibrational period, the wave packets evolve during the pulse interaction. The centroids of the ground and excited state wave packets are thus no longer expected to be located on opposites sides of the ground state equilibrium. In order to quantify the impulsive limit, it is useful to calculate the population weighted sum of the ground and excited state first moments. Using Eqs. ͑19͒ and ͑37͒, we arrive at
͑46͒
The right-hand side of Eq. ͑46͒ is an integral over the second difference of the pulse spectrum. It can be taken to be a small quantity in the impulsive limit, where the spectral bandwidth of the pulse is broad compared to the vibrational frequency. Thus, we may set the right-hand side of Eq. ͑46͒ to zero in the impulsive limit. This in turn implies that Q e (0) ϰϪQ g (0); i.e., the mean position of the ground and excited state nuclear wave packets are situated on opposite sides of the ground state equilibrium position. This situation holds only for modes with vibrational period much longer than the pulse duration. For longer pulses, the right-hand side of Eq. ͑46͒ becomes appreciable. In Fig. 5 , we plot the ground and excited state first moments for the 50 cm Ϫ1 mode of the previous example, and the sum defined in Eq. ͑46͒, for three different pulse widths. It is seen that the ground and excited state first moments are oppositely signed for the impulsive excitation. However, Q e (0) and Q g (0) are no longer symmetric when the pulse duration approaches three quarters of the vibrational period. In this case, Q e (0) is positive, i.e., the excited state wave packet is situated to the right of the ground state equilibrium position for the entire range of carrier frequencies plotted.
The relationship Q e (0)ϰϪQ g (0), which is valid in the impulsive limit, can be used to understand the increase in the asymmetry of the excited state amplitude profile with temperature, as observed in Fig. 3͑b͒ . As we have seen earlier, Q g (0) approaches zero as the temperature is lowered. This means that according to the inverse relation Q e (0)ϰϪQ g (0), the displacement of the excited state wave packet also approaches 0, but from the opposite side of the equilibrium position as the ground state wave packet. For example, consider the schematic depicted in Fig. 4 , where Q e (0)Ͼ0 for excitation toward the red ( c ϭ R ). The corresponding approach of Q e (0) toward zero at low temperatures implies an increase in the amplitude of oscillations about the shifted equilibrium position ⌬. This is shown by the dashed wave packet in Fig. 4 . On the other hand, it is clear that for excitation toward the blue ( c ϭ B ), the centroid of the excited state wave packet approaches zero from the negative side of the ground state equilibrium as the temperature is lowered. This corresponds to a wave packet with decreased amplitude of oscillations about the excited state equilibrium, as shown by the dashed wave packet in Fig. 4 . Thus the ground and excited state first moments exhibit a striking contrast in the temperature dependence that can potentially be used to assign the origin of vibrational coherence in pump-probe spectroscopy. 27 It is clear from the above-mentioned illustrative examples that the analytic expressions for the first moments presented in Eqs. ͑20a͒ and ͑20b͒ and ͑36a͒ expose the temperature and carrier frequency dependence of the first moments. They also offer a physically intuitive picture of the initial conditions prepared by the pump pulse. The accuracy of the first moment expressions is verified by calculations of the pump-probe signals using these expressions in the displaced state representation of the doorway state in Eq. ͑3͒. The resulting signals agree well with those calculated using the full third-order response approach. 27 We also note that the depiction of pump induced wave packets in Fig. 4 contradicts prior predictions arising from time-dependent wave packet pictures of impulsive stimulated light scattering. These pictures suggest that the ground state wave packet is always created toward decreasing energy gaps. 10, 65, 66 However, the analysis presented here as well as in other works 37, 38, 62 shows that the ground state wave packet induced by impulsive excitation is strongly sensitive to the carrier frequency of the laser pulse.
Multimode case
The above-considered examples illustrate some of the key aspects of impulsively driven ground and excited state coherence for simple systems with a bath and a single optically coupled mode. As discussed earlier, the expressions derived for the single-mode case can be readily extended to multimode systems. As an example, we consider a two-mode system consisting of a low frequency mode at 50 cm Ϫ1 and a high frequency mode at 220 cm Ϫ1 coupled to a homogeneously broadened two electronic level system. An overdamped low frequency bath mode is also included to broaden the line shapes. The absorption line shape at Tϭ300 K is plotted in Fig. 6͑a͒ , and is nearly a Gaussian owing to the semiclassical limit of strong coupling and high temperature. In the lower panels of Fig. 6 , we plot the first moments of the 50 and 220 cm Ϫ1 modes in the ground state, assuming a pulse width of 50 fs. Along with the fully quantum mechanical results for the mean position and momentum, amplitude and phase for the two modes, we also plot ͑for comparison͒ the analytic result for the mean position in Eq. ͑B7͒, valid in the impulsive and semiclassical ͑Gaussian͒ approximations.
From the simulations, we once again see the role played by thermal factor (n ) in determining the amplitude and phase behavior. The high frequency mode ͑smaller n ) exhibits a larger proportion of the momentum than the low frequency mode ͑larger n ). Note that for the chosen pulse duration of 50 fs, the low frequency oscillator ͑period ϳ666 fs͒ is driven by the laser pulse in the impulsive limit. The high frequency mode ͑period ϳ150 fs͒ is, however, dynamic even during the pulse interaction and is far from being impulsively driven. As would be expected, the agreement of the analytic result for impulsive excitation in Eq. ͑B7͒ with the fully quantum expression in Eq. ͑20a͒ is much better for the low frequency 50 cm Ϫ1 mode than for the higher frequency 220 cm Ϫ1 mode. While much of the earlier work on this subject 36, 38, 67, 68 has been carried out assuming vibrationally abrupt pulses, we see that a more complete treatment that accounts for the finite pulse width is essential in a multimode situation.
B. Second moments
Apart from inducing vibrational coherence ͑off-diagonal terms͒, the laser pulse also induces changes in the vibrational populations. In Secs. III B 2 and IV B 2, we presented expressions for the second moments of the coordinate and momentum, as well as the pulse induced change in the mean occupation number in the ground and excited states. It is of interest to calculate the pulse induced changes in the variances of the ground and excited state nuclear distributions. The variances of Q and P reflect the pulse induced squeezing of the vibrational wave packet, as well as the vibrational heating and cooling in the ground and excited states by the laser pulse. Squeezing of the ground state and excited state wave packets can contribute to overtone signals in pumpprobe spectroscopy. 27 In the present section, we discuss some aspects of pulse induced position and momentum uncertainties for a simple model system. FIG. 6 . ͑a͒ Absorption line shape at Tϭ300 K for a three-mode system consisting of a strongly coupled overdamped bath mode ( b ϭ10 cm Ϫ1 ,S b ϭ20,␥ b ϭ50 cm Ϫ1 ) and two other modes with parameters ( 1 ϭ50 cm Ϫ1 , S 1 ϭ0.1) and ( 2 ϭ220 cm Ϫ1 , S 2 ϭ0.1). The homogeneous damping is ⌫ eg ϭ10 cm Ϫ1 . ͑b͒ and ͑c͒ The pulse induced mean position ͑solid line͒ and the mean momentum ͑dashed line͒, along with the analytic expression for mean position calculated in the impulsive approximation in Eq. ͑B7͒ ͑circles͒. ͑d͒ and ͑e͒ The amplitude and phase of the 50 and 220 cm Ϫ1 modes.
We first consider the ground state second moments. As discussed following Eq. ͑24͒, the second moments of Q and P involve both the diagonal and off-diagonal density matrix elements. The diagonal elements ͑which are time independent as long as there is no coupling of the mode to an external bath͒ give rise to a constant width in the coordinate and momentum distributions. The off-diagonal terms give rise to squeezing dynamics at twice the vibrational frequency. From Eq. ͑27͒, we note that the real and imaginary parts of the second moment amplitude A 2g are related roughly to the second derivative of the absorptive and dispersive line shape functions ⌬ 2 ⌽ I () and ⌬ 2 ⌽ R (). The temperature dependence of the real and imaginary parts of A 2g are mainly governed by the factors n 2 ϩn ϩ1/2 and n ϩ1/2, respectively. Thus, the phase 2g of the second moment dynamics is strongly dependent on temperature and carrier frequency. At zero temperature, the real and imaginary parts are comparable in magnitude, whereas for high temperatures such that n 2 ӷn , the real part of A 2g dominates. This situation is similar to the first moment, where the mean position ͑real part͒ dominates the momentum ͑imaginary part͒ at high temperatures.
In Fig. 7 , we consider the 50 cm Ϫ1 mode of the model system in Fig. 1͑a͒ , and study the temperature and carrier frequency dependence of the pulse induced position and momentum uncertainties. Since the pulse induced changes in the variances are very small, it is convenient to plot the differences of various quantities from the thermal equilibrium values, i.e., ␦ Qg ϭ Qg Ϫ ͱ n ϩ1/2, ␦ Pg ϭ Pg Ϫ ͱ n ϩ1/2 and ␦( Qg Pg )ϭ Qg Pg Ϫ(n ϩ1/2). We plot ␦ Qg and ␦ Pg for a range of carrier frequencies across the absorption spectrum, at three different times during a half-period /2 0 of the second moment dynamics at frequency 2 0 . We see that at tϭ0, ␦ Qg mimics the second derivative of the absorptive line shape owing to its dependence on ⌬ 2 ⌽ I (). At t ϭ/4 0 ͑which is a quarter period of the overtone dynamics at 2 0 ) the dispersive term ⌬ 2 ⌽ R () dominates. The absorptive and dispersive line shapes thus act in quadrature to determine the overall dynamics of Qg (t), which is thus strongly sensitive to the carrier frequency detuning from the absorption maximum. According to the relation Pg (t) ϭ Qg (tϩ/2 0 ), the momentum uncertainty simply ''lags'' the position uncertainty by 1/4 vibrational period, as shown in Fig. 7͑b͒ . The position momentum uncertainty product is plotted in Fig. 7͑c͒ and is independent of time. Note the small dip of the uncertainty product below the vacuum product of one-half, which arises from the term ͉A 1g ͉ 2 in Eq. ͑29͒. As discussed following Eq. ͑29͒, this unphysical behavior is attributed to the neglect of fourthorder interactions in the present treatment. While the inclusion of higher order interactions is beyond the scope of the present paper, we can roughly say that the magnitude of the dip, given by ͉A 1g ͉ 2 , effectively estimates the error due to the second-order perturbative approximation made in Eq. ͑9͒.
At higher temperature, the mean occupation number n g dominates the expression for the position and momentum uncertainties. As discussed previously, the variances of Q and P at high temperatures are mainly determined by the absorptive function ⌬ 2 ⌽ I (), which is the real part of A 2g . This is evident from Figs. 7͑d͒ and 7͑e͒ , where the role played by the dispersive term is insignificant compared to the absorptive part. Also, note the increase of the uncertainties by nearly two orders of magnitude relative to the low temperature case. The uncertainty product, shown in Fig. 7͑f͒ , once again remains constant with time. The error term ͉A 1g ͉ 2 in Eq. ͑29͒ is far less significant compared to n g at high temperature, and we have Qg Pg Хn g ϩ1/2. Indeed, Fig.  7͑f͒ simply reflects the behavior of ␦n g ϭn g Ϫn calculated in
Eq. ͑26͒, which is also shown in the figure for comparison. There is a spread in both Qg and Pg near the absorption maximum, corresponding to pulse induced heating. Near the wings of the absorption spectrum, however, both Qg and Pg are narrowed from their equilibrium values, corresponding to a laser pulse induced cooling of the ground state.
Turning to the second moments of the excited state wave packet, we recall from Sec. IV that the excited state moments only involve the absorptive line shape function ⌽ I (). From Eq. ͑43͒ we see that the position uncertainty oscillates ͑at frequency 2 0 ) between (n e ϩ1/2ϩA 2e ϪA 1e 2 ) 1/2 at tϭ0 and (n e ϩ1/2ϪA 2e ) 1/2 at tϭ/2 0 . The momentum uncertainty lags the position uncertainty by /2 0 . In Fig. 8 , we depict the detailed behavior of the position and momentum uncertainties of the excited state wave packet and their product, for three different times stretching over a half period of the second moment dynamics. The uncertainty product is once again practically independent of time, especially at high temperatures. This is in accord with Eq. ͑44͒, which shows that the oscillatory term diminishes rapidly with increasing temperatures and the product attains the limit n e ϩ (1  ϪA 1e 2 )/2.
It is interesting to note from Eq. ͑40͒ for n e that, if we neglect the vibrational frequency in comparison with the electronic dephasing rate constant ⌫ eg so that ⌽ I (Ϯ 0 ) ϭ⌽ I (), we have, using Eq. ͑33͒, n e Хn ϩ⌬ 2 /2. This is precisely the mean occupation number for the displaced thermal state as expressed in Eq. ͑6͒. We will see in the following that the same limit for n e is obtained in the ultrashort pulse limit. In contrast, the mean occupation number in the ground state n g given by Eq. ͑26͒ does not attain a simple limit for ultrafast electronic dephasing.
The simulations of the present section serve to illustrate the application of simple yet rigorous expressions for the second moments and their connection to the equilibrium line shapes. It is clear that the detailed behavior of the position and momentum uncertainties can also be evaluated over a wider range of pulse widths and temperature.
C. Dependence on pulse width
A key ingredient for the creation of nonstationary vibrational states is an ultrashort laser pulse with a bandwidth sufficiently large to excite several vibrational levels. The superposition of many such levels results in a localized wave packet. Since several time scales are involved in the problem, we first define some useful limits. The impulsive limit is when the pulse duration is much shorter than the vibrational period, i.e., p Ӷ 0 Ϫ1 , with the electronic dephasing time scale remaining arbitrary. If, in addition, the electronic dephasing is much more rapid than the pulse, i.e., ⌫ eg Ϫ1 Ӷ p Ӷ 0 Ϫ1 , we obtain the ''snapshot limit.'' 26 While the condition ⌫ eg Ϫ1 Ӷ p is justified for many condensed phase systems with broad and featureless absorption spectra, the simulations in Fig. 6 show that the impulsive limit is not generally applicable for all modes in a multimode system with vibrational frequencies spanning the bandwidth of the pump pulse. A more extreme ultrashort pulse limit is defined as that when the pulse duration is shorter than both electronic and vibrational time scales, i.e., p Ӷ⌫ eg Ϫ1 Ӷ 0 Ϫ1 . This is an interesting limit to consider from a theoretical point of view. It has generally been recognized that coherent vibrational motion in the ground state vanishes both in the ultrashort pulse limit and in the very long pulse limit. 25, 40, 52, 65 It is obvious that a very long pulse does not have the sufficient bandwidth to excite coherent motion. The vanishing of the ground state coherence in the opposite limit of very short pulses arises due to the fact that the broad spectrum of the laser pulse bleaches all the nuclear coordinates to an equal extent. Thus, a moving hole cannot be induced in the ground state. 40 Both these limits are clearly obtained from the ground state first moments in Eqs. ͑20a͒ and ͑20b͒ and the second moment amplitude in Eq. ͑27͒. For an infinitely long pulse, the pulse envelope spectrum G (Ϫ c ) approaches a delta function and the product spectral function G p ( Ϫ c ,n 0 ) in the moment expressions is vanishingly small. In the ultrashort pulse limit, we may set G p (Ϫ c ,n 0 ) ХG 2 (Ϫ c ) and remove it outside the integrals in Eqs.
͑20a͒, ͑20b͒ and Eq. ͑27͒, since G 2 (Ϫ c ) varies much more slowly than the line shape functions. The expressions then reduce to integrals over the differences of bounded functions ⌽ I () and ⌽ R () and hence vanish. It should be noted this occurs only in the ultrashort pulse limit; in the less stringent impulsive limit, the moments are given by Eqs. ͑B2a͒ and ͑B2b͒.
Turning to the pulse width dependence of the excited state moments, we note that Q e Ј(0) also vanishes for long pulses because the product spectral function G p ( Ϫ c , 0 ) in Eq. ͑36a͒ is negligible. However, the integral in Eq. ͑36a͒ does not vanish when the pulse is very short. If we neglect the variation of the pulse spectrum over the absorption line shape, the second term of Eq. ͑36a͒ is simply an integral over the derivative of the bounded function ⌽ I () and therefore vanishes. We are then left with the first term, which reduces to the following result if we let G p ( Ϫ c , 0 )ХG 2 (Ϫ c ) and use Eq. ͑33͒: Q e Ј ͑ t ͒ϭϪ⌬cos͑ 0 t ͒ ͑ p →0 ͒.
͑47͒
By making similar approximations in Eqs. ͑40͒ and ͑41͒, we obtain the following expressions for mean occupation number n e and the second moment Q e 2 (t) in the ultrashort pulse limit:
The moments of P(t) are simply obtained by substituting t →tϩ/2 0 in Eqs. ͑48a͒ and ͑48b͒. The position and momentum uncertainties become time independent in the ultrashort pulse limit and approach their thermal equilibrium values given by Eq. ͑23͒:
͑49͒
From Eqs. ͑47͒ and ͑37͒, we have Q e (0)ϭ0. The centroid of the excited state nuclear wave packet is thus initially located vertically above the ground state equilibrium position and oscillates with an amplitude ⌬. Equations ͑47͒-͑49͒ together imply that for infinitely short pulses, the excited state wave packet is simply the thermal state T , initially displaced from equilibrium as in Eq. ͑6͒ with a coherent displacement e ϭ⌬/ͱ2. Note that ͉ e ͉ 2 ϭ⌬ 2 /2ϭS is the quantity usually called the electron nuclear coupling strength, and represents the mean number of phonons in a coherent state that has been displaced by e from the vacuum (n ϭ0).
Since the pulse induced ground state coherence vanishes both in the limit of pulses that are too long and too short compared to vibrational and electronic dephasing time scales, we would expect the amplitude of the ground state coherent motion to peak at some intermediate value of the pulse width. We have also seen that the amplitude and phase of the induced vibrational motion is strongly sensitive to the detuning of the laser frequency from the absorption maximum. It is therefore important to consider both the laser pulse width and the carrier frequency if, for instance, one is interested in determining the conditions for generating optimal displacements in the ground state. [36] [37] [38] The expressions derived here for the ground and excited state moments are amenable to fast numerical computation. The computational advantage offered by the analytic expressions enables multidimensional plots that capture the behavior of the nonequilibrium moments over an entire manifold of pulse widths and carrier frequencies simultaneously. Furthermore, the expressions derived here allow us to incorporate the experimentally measured absorption line shape ͑and its Kramers-Kronig transform, the dispersion line shape͒. This enables absolute scale calculations of the pulse induced moments for any given mode in a complex multimode system.
As an example, we consider the heme protein myoglobin ͑Mb͒, which is an oxygen storage protein found in muscle cells. Mb possesses a highly asymmetric and broad absorption spectrum ͑Soret band͒ in its ligand-free, high spin ͑deoxy, Sϭ2͒ state. In previous studies, the Soret band of Mb was modeled using a non-Gaussian inhomogeneous distribution 63 of electronic energy levels, ascribed to disorder in the position of the central iron atom of the porphyrin ring. 69, 70 In Fig. 9͑a͒ , we plot the simulated absorption line shape with mode coupling strengths and frequencies obtained from previous resonance Raman studies of the Mb Soret line shape. 69, 71 Of the numerous modes coupled to the Soret transition, we consider two modes at 50 and 220 cm Ϫ1 and study the pump induced initial amplitude and phase for these modes. In Fig. 9͑b͒ , we plot the amplitude and phase for the 220 cm Ϫ1 mode in the ground electronic state, as a function of carrier frequency c and pulse width p . The approach of the ground state amplitude to zero in both the short and long pulse limits is clear from Fig. 9 . It is also seen that the laser pulse width for which ͉A 1g ͉ is maximum is sensitive to the detuning of the pulse center frequency from ⍀ v . The initial amplitude for excitation on the red side of the absorption maximum is much larger than for excitation toward the blue side of the absorption maximum. This reflects the asymmetry of the Mb absorption spectrum with a much larger slope on the red side than on the blue side of the absorption maximum. Although there are numerous optically coupled modes in the model, the mode specific nature of Eqs. ͑20a͒ and ͑20b͒ allows us to calculate the nonequilib- FIG. 9 . ͑a͒ Absorption line shape for an asymmetric inhomogeneously broadened system, with parameters chosen to mimic the deoxyMb absorption spectrum at room temperature. ͑b͒ Three-dimensional view depicting the laser pulse width and carrier frequency dependence of the first moment amplitude ͉A 1g ͉ and phase 1g , for the 220 cm Ϫ1 mode ͑coupling strength Sϭ0.05) in the ground electronic state. rium moments for a specific vibrational mode of choice, with the effect of the remaining modes carried through in the equilibrium line shape functions. In Fig. 10 , we plot the amplitude and phase of the 50 cm Ϫ1 mode in the ground state. Note that the optimal amplitude of the ground state motion is attained for pulses nearly as long as 100 fs in contrast to the 220 cm Ϫ1 mode which attains an optimal amplitude near 40 fs. The optimal pulse widths are thus not in direct proportion to the vibrational frequencies as one might naively expect.
We plot the initial position of the excited state wave packet Q e (0) for the 50 and 220 cm Ϫ1 mode in the excited state in Fig. 11 . The initial position approaches the excited state equilibrium in the limit of long pulses implying that the oscillations vanish. For very short pulses, the limit expressed in Eq. ͑47͒ is clearly obtained, with the position increment approaching zero. As discussed previously, this corresponds to the fact that the excited state wave packet is placed directly above the ground state equilibrium position and oscillates with an amplitude ⌬. Also, note that the detuning dependence of the excited state position increment is very strongly sensitive to the laser pulse width ͑see Fig. 5͒ . For very short pulses, the mean position changes its sign with respect to the ground state equilibrium as c is tuned across ⍀ v . As the pulse width becomes longer, the profile of the first moment slowly drifts toward the excited state equilibrium and stays on one side of the ground state equilibrium position for long enough pulses. The three-dimensional simulations presented in Figs. 9-11 capture the highly detailed behavior of the pump induced first moments in position and momentum as a function of pulse width and carrier frequency. The simple analytical formulas presented in this work thus enable us to make fully quantum mechanical quantitative predictions for the laser pulse induced nonstationary vibrational states in complex multimode systems.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have presented a rigorous analysis of the nonstationary vibrational states prepared by a short laser pulse interacting with a two electronic level system with lin- FIG. 10 . ͑a͒ Three-dimensional plot depicting the laser pulse width and carrier frequency dependence of the pulse induced first moment amplitude profile ͑a͒ and phase profile ͑b͒ for the 50 cm Ϫ1 mode (Sϭ0.1) in the ground state. The mode is coupled to the inhomogeneously broadened system considered in Fig. 9͑a͒.   FIG. 11 . Dependence of the effective initial position of the excited state wave packet Q e (0) on laser pulse width and carrier frequency, for the model system considered in Fig. 9͑a͒ . ͑a͒ The mean position for the 50 cm Ϫ1 mode and ͑b͒ the mean position of the 220 cm Ϫ1 mode.
ear electron-nuclear coupling. The chief motivation behind this work is to expose the nature of the pump-induced doorway state, using a rigorous moment analysis. A knowledge of the moments of the doorway state provides a convenient starting point for the analysis of pump-probe signals. 27 In the present work, we have used moment generating functions to derive general expressions for arbitrary moments of Q and P in the ground and excited state density matrices to second order in the pump fields.
The fully quantum mechanical expressions for the first two moments of position and momentum reveal interesting behavior with respect to temperature, pump pulse carrier frequency, and width. The pump pulse induced changes of the mean position and momentum in the ground state are found to depend on the derivatives of the absorptive and dispersive line shapes, respectively. This relationship enables one to readily obtain a qualitative understanding of the dependence of pump induced first moment changes on the carrier frequency. The mean position of pump induced ground state exhibits a much stronger temperature dependence than the mean momentum. This implies a strong temperature dependence of the initial phase of the ground state wave packet, and consequently the phase of the pump-probe signal is also strongly temperature dependent. 27 While the ground state moments depend on both the absorptive and dispersive parts of the equilibrium line shape functions, the moments of the excited state wave packet are shown to depend only on the absorptive line shape function. This is strongly indicative of the distinct mechanisms that induce ground and excited state coherences; namely stimulated Raman-type processes for the ground state, and absorptive processes for the excited state. The amplitude of the ground state oscillations decreases uniformly with temperature for all pump carrier frequencies. In contrast, the profile of the excited state first moment amplitude exhibits a striking asymmetry with change in temperature: For red excitation, the amplitude of the excited state wave packet decreases with increased temperature, whereas for blue excitation, the amplitude increases with temperature. This contrasting behavior can be explained based on the particle-versus hole-like nature of the ground and excited state wave packets. It can also be used to experimentally discriminate between the ground and excited state coherences.
An analysis of the second moments of the pump-induced doorway state reveals information regarding the squeezing of the ground and excited state nuclear distributions by the laser pulse interaction. It is well known that a difference in the curvature of the ground and excited state vibrational potentials ͑quadratic coupling͒ can induce squeezed vibrational states. [57] [58] [59] [60] Apart from this ''geometric'' squeezing, 57 the laser pulse can by itself induce a time-dependent variance in the vibrational distributions, which is also called ''dynamic squeezing.'' 57 The present analysis exposes the nature of the dynamical squeezing and its relation to the equilibrium absorption and dispersion line shapes. While the first moment dynamics constitutes a major part of the wave-packet motion detected by the probe, 27 higher moment modulations, such as squeezing, will contribute weakly to overtone signals. We have recently presented an analysis of the overtone signals generated due to purely geometric squeezing in the context of nonradiative reactions. 27 The analysis of overtone signals generated by dynamical squeezing due to the laser pulse interaction will be the subject of future work.
We have pointed out the consequence of the secondorder perturbative approximation to the doorway density matrix. Since a genuine change in the ground state vibrational populations requires a fourth-order interaction ͑stimulated Raman scattering͒ of the pump pulse, the diagonal density matrix elements calculated using only the second-order approximation will be inaccurate. The neglect of higher order field interactions results in certain discrepancies in the calculated expectation values of the higher moments. For example, we showed that the ground state doorway ͑to second order͒ violates the properties of a genuine density matrix, and leads to a position-momentum uncertainty product that is in violation of the uncertainty principle. While these aspects have been noted in earlier work, 37, 40 we have presented an estimate of the error due to truncation at second order.
Perhaps the most important aspect of the present analysis is the direct connection made between the laser pulse induced nonstationary states and the measurable equilibrium properties of the system. This connection appears through the dependence of the pump-induced moments on the equilibrium line shape functions. A direct consequence of this aspect is that the pump induced moments are highly mode specific; the only explicit parameters in the moment expressions are the mode frequency and coupling strength. The rest of the parameters relevant to the system and the bath are automatically carried by the measured line shape functions. One practical consequence is a many-fold increase in computational efficiency. In this respect, the present approach must be contrasted with earlier treatments that expressed the full second-order doorway density matrix using the more cumbersome sum over vibronic eigenstates expressions. 29, 50 Here we have shown that the individual moments of the doorway density matrix can be calculated efficiently using a correlation function based approach.
Apart from computational advantages, the direct connection with equilibrium line shape functions can potentially be exploited in calculating the various moments on an absolute ͑per molecule͒ scale. Since absolute scale measurements of the absorption cross section are possible experimentally, one may use the Kramers-Kronig relations to calculate the dispersion line shape, and subsequently incorporate the line shapes in the moment expressions. This would yield precise values for moments of the nonstationary wave packet induced by the pump pulse for any given mode in a complex multimode system. This approach is analogous to transform methods previously used to describe resonance Raman scattering. [42] [43] [44] [45] [46] 72 We finally mention that the present work can be extended beyond the linearly coupled harmonic oscillator model assumed here. Quadratic electron-nuclear coupling can be treated using standard quantum field theoretic techniques. Non-Condon effects can also be readily incorporated by assuming an exponential dependence of the dipole moment on the nuclear coordinate. 52, 73 Furthermore, a calculation of the moments for multiple pulse excitation [36] [37] [38] can also be carried out along the same lines as the calculation presented here. The central point is that the initial state ͑be-fore the pulse interactions͒ is a thermal density matrix. The multitime correlation functions can therefore be evaluated exactly using a second-order cumulant expansion. A moment analysis of the doorway state can also be envisaged in spectroscopies that use multiply resonant pulses with different carrier frequencies. For instance, consider a time domain coherent anti-Stokes Raman spectroscopy experiment 26, 74 involving two time coincident pulses with wave vectors k 1 and k 2 , which are followed by delayed pulse with wave vector k 1 . The measured signal is the total coherent emission along the direction k s ϭ2k 1 Ϫk 2 . In this case, the relevant term in the third-order polarization consists of contributions from three fields, one from each of the three pulses. 26 The first two fields ͑from the time coincident pulses͒ prepare a second-order doorway state. The corresponding density matrix can be calculated by replacing the two pump fields E a (t) in the second-order expression for the doorway density matrix ͓given in Eq. ͑3͔͒ by the fields from the two different pulses. One would then evaluate the various moments for this density matrix, and subsequently make a displaced thermal state representation as in Eq. ͑6͒. The third-order polarization induced by the delayed pulse may then be calculated using the effective linear response approach. 27 A rigorous analysis of these experiments requires the inclusion of the spatial dependence of the laser fields and will be considered in future work. Here, ␦ i, j refers to the Kronecker's delta. The first term in Eq. ͑A10͒ gives the moments of the equilibrium state T (g) . Equations ͑A10͒ and ͑A11͒ along with Eqs. ͑A9͒ and ͑12͒ provide the complete set of expressions required to calculate arbitrary moments of the coordinate operator in the pump induced density matrix. The moments of P (t) are obtained using Eq. ͑A5͒.
Excited state
Consider the coordinate operator Q evolving in time due to Ĥ e defined in Eq. ͑10b͒: Q e ͑ t ͒ϭ⌬ϩ͑ Q Ϫ⌬ ͒cos͑ 0 t ͒ϩ P sin͑ 0 t ͒. ͑A12͒
and ͑20b͒. Before we make the short pulse approximation, we rewrite the two equations after making a simple change of variables:
